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1977), unit-cell parameters and atomic coordinates
were refined. The 7-O, O-O and 7-T distances were
set to 1.628, 2.6585 and 3.1053 A, respectively. Table
3 lists the refinement results including 7-atom coor-
dinates, unit cells and R factors. The highest space
group for each net is used in the refinement and R
varies from 0.01 to 0.004. Unit-cell changes are
usually within 15% owing to geometrical distortion.
These refined results can be used for powder-pattern
calculation and comparison with unknown phases.

Concluding remarks

Four nets in this family occur in known mineral
structures. Although the other nets are possible
candidates for zeolite phases with as yet unsolved
structures, no likely matches turned up in a compari-
son of theoretical and observed cell dimensions and
space groups. Examination of twinned crystals of the
four zeolite families should give clues to the possibil-
ity of finding new minerals with bru-based nets.
Presumably, the connectivity across the twin contact
might match one of these in the theoretical nets.
Because all the theoretical nets contain odd-number
rings, alternation of elements in the T sites, as in
aluminophosphates, is not possible.

This study extends the enumeration of nets based
on the bru polyhedral subunit and provides a topo-
logical description of each net. Further studies on
selected polyhedral units will yield many more theo-
retical 3D nets of both mathematical and practical
value.
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On Integrating the Techniques of Direct Methods with Anomalous Dispersion. III.
Estimation of Two-Wavelength Two-Phase Structure Invariants
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Abstract

For diffraction data at two wavelengths from a
crystal with anomalous scatterers, there are six types
of two-phase structure invariants for Friedel pairs.
Two of the six are single-wavelength invariants; the
other four are mixed-wavelength invariants. It is

* To whom correspondence should be addressed.
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shown that the latter can be estimated by a
straightforward extension of results from the
probabilistic direct-methods theory for the single-
wavelength anomalous scattering case described in
paper I [Hauptman (1982). Acta Cryst. A38,
632-641]. Statistical tests of the mixed-wavelength
estimates are reported for small-molecule and macro-
molecular examples.
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Introduction

In recent years, the effectiveness of the multiple-
wavelength anomalous diffraction (MAD) method
for determining protein-crystal structures has been
demonstrated by a number of impressive successes
(e.g. Fanchon & Hendrickson, 1990; Hendrickson,
Pahler, Smith, Satow, Merritt & Phizackerley, 1989).
A general algebraic treatment of the MAD method
was given by Karle (1980) and implemented, in a
somewhat different form, by Hendrickson (1985).
Probabilistic theory for the two-phase structure
invariants (TPSI) for Friedel pairs from a structure
with anomalous scatterers has been published for the
one-wavelength case (Hauptman, 1982) but not yet
for two- or multiple-wavelength cases. The one-
wavelength theory yields estimates of the TPSI as

Pute_nu=—¢ (1.0)
and the quantity ¢ is given by
tan §=_SH/CHa (1.1)
where
N
SH = aﬁl Z |j;H|2 sin 26]H9 (12)
j=1
jN
Cu=ap' -leﬁle €08 26y, (1.3)
N J
an= 3 |ful (1.4)
j=

N is the number of atoms in the unit cell and the
atomic scattering factors fiy=/f0u+/f; +if}' are
expressed in polar form as fjy = | fu| €xp (i8;n) with

|ful =[P+ + 17717 (1.5)

and

Su=tan" [/} /(fu + /)] (1.6)

Since the imaginary dispersion coefficients /’' cor-
respond to a phase advance, they are intrinsically
positive and it follows that the probabilistic TPSI
estimates — ¢ are also positive. The estimates thus
resolve the twofold ambiguity in the Harker (1956)
single isomorphous replacement (SIR) phase con-
struction applied to the single-wavelength anomalous
dispersion (SAD) case. Furthermore, to calculate the
estimate for a given H, only the chemical composi-
tion of the structure [and the f'(A) and f"'(A) values]
need to be known. The unexpectedness of these
results has been remarked on by Fortier, Fraser &
Moore (1986) but empirical statistical evidence of
their validity has been compiled by Guo & Hau-
ptman (1989), Guo (1990) and Guo, Blessing &
Hauptman (1991; paper II). The probabilistic theory
predicts and the statistical data confirm that the
phase-invariant estimates ¢y + @_y=—£&>0 are

DIRECT METHODS AND ANOMALOUS DISPERSION. III

reliable for Friedel pairs with large |E| values, say
|E|>1to 1.5, and more reliable for larger |E| values.
Extension to the two-wavelength case

For anomalous-dispersion data measured at two
wavelengths, the normalized structure factors for a
Friedel pair of reflection H and anti-reflection —H
are

Ey=|Ey|expipuy and E_y=|E_y|expip_y
2.1
at wavelength 1 and

Gu=|Gulexpiyy and G_uy=|G_ylexpiv_yu

2.2)

at wavelength 2. To these, there correspond six TPSI:
W=yt ¢_n, (3.1

0 =¢u+ Y_n, (3.2)

w3 = @y — Yu, (3.3)

ws=¢@_yt+ ¢Yu, (34)

ws=ou+ ¢Y_n, (3.5)

We=¢_n— Y_n. (3.6)

Probabilistic estimates of the two single-wavelength
TPSI, w, = —¢, at wavelength 1 and w,= — ¢, at
wavelength 2, are readily calculated using (1.0)—(1.6).
It is then straightforward to estimate the four mixed-
wavelength TPSI, w; to w provided that the
anomalous scattering is small compared to the
normal scattering. In that case, the anomalous-
dispersion effects can be taken to be wavelength-
dependent perturbative adjustments A to the
wavelength-independent phases ¢° of the normal
scattering and, to a first approximation, 4 can be
taken to be the same for ¢y and ¢_y. The Friedel-
pair phases at wavelength 1 can then be approxi-
mated as

en=en+4, and o_y=0¢%u+4,
and, since ¢° 4y = — ¢}, the corresponding TPSI is
o=yt o _g=24,=—¢,. 4.1
Similarly, at wavelength 2,
W =Yut+t ¢ _y=24,=-¢. 4.2)

For the mixed-wavelength TPSI, the perturbation
approximations give

03=op— Yu=gh—Yu+ 4, - 4,
wi=¢_ptPu=lu+yn+ 4 + 4,
ws=eut ¥ u=eh+ ¢luy+ 4, + 4,
we=¢_nu—Y_u=¢’u— ¢+ 4 -4
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and, since =9 =—¢’y=—¢°y, it follows
that
y=ws=4, — 4= (0, — 0)2=—(§, - )2
4.3)
and
ws=ws=4,+ 4, =(w, + w)/2=— (£, + £)/2.
4.4)

If the single-wavelength estimates give w, > w,, then
the mixed-wavelength estimates w; to wg will also be
positive.

We refer to the estimates for the mixed-wavelength
TPSI as semi-empirical because we first noticed them
as statistical patterns in the empirical test calcula-
tions described below. After noticing the patterns, we
realized the simple rationale treating the anomalous
dispersion as a perturbation. Rigorous derivation of
the mixed-wavelength TPSI estimates from the joint
and conditional probability distributions for the four
magnitudes |Ey|, |E_y|, |Gu| and |G_u| and four
phases oy, ¢_u, ¥u and Y _y at two wavelengths
(Guo & Hauptman, 1986) seems to be unnecessary
and the statistical results show that the simple per-
turbation treatment provides practically useful TPSI
estimates.

The results (4.1)«(4.4) all follow from (1.0) and
like (1.0) must be understood to have probabilistic
and statistical validity. There will, of course, be
Friedel pairs whose TPSI differ from the estimates in
magnitude or sign, or in both, but the estimates are
more likely to be accurate for larger corresponding
|E| and |G| magnitudes.

30

25+

204

wj ()

Fig. 1. True and estimated TPSI for the |E|=1.57, H=4,0,22
reflection of cocaine methiodide at Cu K& and Mo Ka wave-
lengths. The six true TPSI defined by (3.1)+3.6) are denoted by
filled circles and the corresponding TPSI estimates from (4.1)-
(4.4) are denoted by open circles.

309

Test calculations

Statistical comparisons of true and estimated TPSI
have been carried out for the known crystal struc-
tures of the small molecule cocaine methiodide (N-
methylcocaine iodide), C,sH,4,NO,I (Shen, Ruble &
Hite, 1975) and the single-site PtCl3~ derivative
of the protein Cytochrome Cs50, FCS6OZO3N|70C637
(Timkovich & Dickerson, 1973, 1976), both of which

25

201

O T T T T
0 5 10 15 20 25

Estimated w3 (°)

Fig. 2. Correlation plot for the true and estimated mixed-
wavelength TPSI of type w; [(3.3) and (4.3)] for the 227 Friedel
pairs with |E|= 1.5 for cocaine methiodide at Cu Ka and
Mo Ka wavelengths. An analogous plot for the TPSI of type w,
is virtually indistinguishable from Fig. 2.
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Fig. 3. As Fig. 2 but for the TPSI of type w, [(3.4) and (4.4)]. An
analogous plot for the TPSI of type ws is virtually indis-
tinguishable from Fig. 3.
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crystallize in P2,2,2, with Z=4. Statistical evidence
for the validity of the single-wavelength TPSI
estimates (1.0)-(1.6) for the same two examples
was presented in an earlier report (Guo, Blessing &
Hauptman, 1991).

The reported atomic coordinates for cocaine
methiodide were used to calculated normalized struc-
ture factors for all Friedel pairs corresponding to the
measured reflections, and the phases for Friedel pairs
with |E|= 1.0 at Cr Ka, Cu K and Mo Ka wave-
lengths were used to form the sets of six TPSI
defined by (3.1)-(3.6) for comparison to the esti-
mates given by (1.0)+(1.6) and (4.1)-(4.4). A typical
result for the six TPSI for the Cu Ka and Mo Ka
wavelengths for an |E|= 1.5 reflection is shown in
Fig. 1, which illustrates the common pattern w; = wy

Fig. 4. True and estimated TPSI for the |[E| =291, H=2,17.4
reflection of cytochrome c;s0.PtCl2~ at Cr Ka and Cu Ka wave-
lengths. The six true TPSI defined by (3.1)«3.6) are denoted by
filled circles and the corresponding TPSI estimates from (4.1)-
(4.4) are denoted by open circles.

wj ()

Fig. 5. As Fig. 4 but for the averages of the true and estimated
TPSI for the 676 Friedel pairs with |E| = 1.5.

DIRECT METHODS AND ANOMALOUS DISPERSION. III

=(w;— )2 and w;=ws=(w, + w,)/2. The
excellent correlation between the true and estimated
Cu Ka and Mo Ka mixed-wavelength TPSI for the
227 Friedel pairs with [E|= 1.5 is shown in Figs. 2
and 3. As the structure is rather small and contains a
strongly anomalously scattering I atom, the TPSI
estimates were almost as good for the shorter-
wavelength Cu Ka and Mo Ka pairs as for the
longer-wavelength Cr Ka and Cu Ka pairs and the
true TPSI were positive for all 227 Friedel pairs with
|E|> 1.5.

10
'S
N =
o 5
3
L5
2
=
T T T
-5 5 10
- 59

Estimated w3 (°)

Fig. 6. Correlation plot for the true and estimated mixed-
wavelength TPSI of type w; [(3.3) and (4.3)] for the 676 Friedel
pairs with |E| = 1.5 for cytochrome css.PtCl3~ at Cr Ke and
Cu Ka wavelengths. An analogous plot for the TPSI of type w,
is virtually indistinguishable from Fig. 6.

True wy (°)

Estimated w (°)

Fig. 7. As Fig. 6 but for the TPSI of type w, [(3.4) and (4.4)]. An
analogous plot for the TPSI of type ws is virtually
indistinguishable from Fig. 7.
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For the cytochrome css0.PtCI2~ structure, the
reported atomic coordinates were used to calculate
normalized structure factors and form the sets of six
TPSI for the 676 Friedel pairs with |E|= 1.5 in the
resolution range 8 =d=2A at Cr Ko and Cu Ka
wavelengths. A typical result for the six true and
estimated TPSI for a strong |E|=3 reflection is
illustrated in Fig. 4 and the essentially perfect
behavior on the average over the 676 Friedel pairs is
shown in Fig. 5. Over the 676 Friedel pairs, the
percentage incidences of true TPSI with negative sign
were 8.3, 8.1, 11.2, 8.0, 8.0 and 10.9% for the TPSI
types w, to ws, respectively. The scatter in the corre-
lation between the true and estimated mixed-
wavelength TPSI is illustrated in Figs. 6 and 7, which
show that the range of true TPSI values is consider-
ably wider than the range of the estimated values.

The incidence of true TPSI with negative sign and
the scatter between the true and estimated TPSI
magnitudes are, unsurprisingly, worse for the protein
than for the small molecule. Still, the incidence of
negative TPSI is only ~10% for the protein Friedel
pairs with |E| = 1.5 and the errors in the estimated
TPSI magnitudes are no worse for the mixed-
wavelength estimates (4.3) and (4.4) than for the
single-wavelength estimates (4.1) and (4.2). This
indicates that the simple extension of the probabilis-
tic TPSI-estimation theory from the one-wavelength
case to the two-wavelength case, as expressed in the
results (4.1)-(4.4), should be practically useful for
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structure  determinations with two-wavelength

anomalous-dispersion data.
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Triplet and Quartet Relationships and the ‘Positivity’ Postulate
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Abstract

Positivity and atomicity are traditionally considered
as basic conditions for direct methods. While the role
of atomicity is well understood, the theoretical and
practical consequences for a direct-methods pro-
cedure generated by the violation of the positivity
criterion are not quite clear. Triplet and quartet
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ment of Inorganic Chemistry, Faculty of Natural Sciences, Tirana
University, Tirana, Albania.
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relationships are analyzed in connection with the
positivity postulate.

Symbols and notation

/; Scattering factor of the jth atom. It is assumed to
be a real positive function of sinf/A for X-ray
scattering, coinciding with the scattering length b,
(a positive or negative real constant) for neutron
scattering

F, Structure factor with vectorial index h = (A,k,/)
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